n applying control schemes to real plant, operator failures happen due to various environmental factors. Considering the purpose of engineering safety, the control system of the real plant must have the capability of distinguishing fault signals. For this reason, fault diagnosis or fault detection technology of the plant is studied by many researchers 1, 2, 3, 4 . Broadly speaking, fault diagnosis technology covers two research ways. One is a mechanical method that uses an increased number of sensors. In this approach, each sensor parameter represents a respective working part and has a static normal value in the normal working state. Therefore it is simple to depict the abnormal signal by detecting whether the present sensory data deviate from the standard value or not.
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The other one is an analytical method that uses measurable processes information of the plant 5 . That is, measurable signal analysis schemes and plant analysis by using plant models together with parameter and state estimation methods are considered.
Mainly the analytical methods are studied because the mechanical method costs more. The analytical methods 6, 8 are classified into two categories. One is to use a model of the plant and the other is not to use the model of the plant. In the latter case, there are two methods of using a neural network or a genetic algorithm applied to artificial intelligence. On the other hand, the first method uses a static model or a dynamic model. As the static methods, there are parity vector law, vector slope law, and probability model to a static mode. The most commonly used method that uses a dynamic model is the method that uses estimation methods 9, 10, 11, 12 . Recently, concerning fault diagnosis methods, inference method is introduced 6 . This method uses the basic relationships between faults and symptoms which are at least partially known so that this a priori knowledge can be represented in causal relations. However, considering nonlinear elements in real plants and in comparison with the inherently difficult problems of nonlinearity, the increasing demand for a mathematical theory is desired in fault diagnosis. Addressing this problem, in this paper, we introduce a framework of operator-based robust fault detection in nonlinear control systems using robust right coprime factorisation approach.
The problem of robust fault detection based on a nonlinear operator framework for nonlinear plants subject to operator failures has received relatively less attention. In this paper, a framework of robust fault detection in nonlinear tracking operator systems is presented by using a robust right coprime factorisation approach. The detailed explanation of the proposed design scheme is given below.
Concerning the operator-theoretic approach, a few researches that have related the approach are given 12, 13, 14 . The relation between the robustness of the right coprime factorisation and the robust stability of the perturbed nonlinear plant is shown by Chen and Han 13 . Recently, based on the design scheme, a robust tracking operator system of nonlinear plant is shown by Deng et al. 14 , and the perturbed signal of the nonlinear plant does not affect the plant output error signal. That is, the nonlinear tracking operator system has no relation with the plant output error signal. Following these developments, using two operators in the Bezout identity, the fault signal in the nonlinear tracking operator system can be analysed.
By using two operators which satisfy the Bezout identity, we analyse the fault signal of nonlinear tracking operator system based on robust right coprime factorisation. An example is presented to support the theoretical analysis. The outline of this paper is as follows. First, some definitions of operators, comprime factorisation and internal stability are reviewed 12, 13, 15 . Next, an operator-based nonlinear tracking control system is designed by using robust right coprime factorisation approach. Then the framework of robust fault detection by using the obtained robust right coprime factorisation presentation in nonlinear control system is shown. Further, simulation and experimental examples are presented to support the theoretical analysis in the previous section. Finally, we draw brief conclusions on our current and further work.
Mathematical background
To solve the fault diagnosis problem by using operator-theoretic approach, nonlinear Lipschitz operators from a normed linear space to another normed linear space of complex-valued functions defined on the time domain are the fundamental entities on which the results of nonlinear tracking control system and fault diagnosis in the following sections are based. Useful references on definitions of Lipschitz operators and their properties are presented in ref 12, 13 . Lipschitz operators are extended to a more general setting to be suitable for nonlinear systems control theory and applications. That is, generalised Lipschitz operator theory developed previously from a standard normed linear space setting is very useful for nonlinear systems control theory and engineering in the considerations of stability, causality, robustness, uniqueness of internal control signals, and coprime factorisations. The advantage of operators approach is that the overall nonlinear feedback system is of well-posedness.
Operator-based nonlinear tracking control system
This paper considers the case for plants with right coprime factorisation. The coprime factorisation approach gives a convenient framework for researching input-output stability properties of a nonlinear feedback control system, where overall stability, namely internal stability for the right coprime factorisation of the controlled plant, is considered under the assumption that the control system is well-posed by Chen and Han 13 . For the design of an operator-based nonlinear tracking control system, the definitions of operator and unimodular operator are mathematical preliminaries. An operator Q:U→Y is said to be bound- In the following, operator based nonlinear tracking control system design scheme is proposed. It mainly consists of two parts: robust controller and tracking operator. The former is designed to guarantee the robust stability of the control system by using robust right coprime factorisation. The latter is used to track the desired reference input. This nonlinear tracking control system structure is shown in Figure 1 .
The closed-loop system described in Figure 1 is robust, stable in the presence of perturbations ∆D and ∆N provided that u∈U is bounded, where M:Y→U is a designed stable operator and r∈Y* is reference signal. The detailed design procedure explanation of Figure 1 is as follows. Consider a nominal nonlinear unstable plant described by the right coprime factorisation P=ND -1 . However, in practice, real nonlinear plants must deal with uncertainties and disturbances, and the above perturbation affects D and N. Suppose that the plant P has a bounded perturbation ∆P, that is, ∆D and ∆N are bounded and the operators D+∆D and N+∆N are stable such that P+∆P=(N+∆N)(D+∆D) -1 , where D:W→U and N:W→Y are stable operators, respectively, and the space W is called a quasistate space 13 of P. D is invertible, and P:U→Y. U and V are linear spaces over the field of real numbers, respectively. Here, we assume that input signal u is in a subset U* of U and output y is in a subset Y* of Y . For nominal nonlinear plant P , under the condition of well-posedness, N and D are said to be right coprime factorisation if there exist two stable operators S:Y→U and R:U→U satisfying the Bezout identity SN+RD=I, where R is invertible and I is the identify operator. In the same manner, under the condition of real plant P+∆P being well-posed we assume that there exist S and R satisfying the perturbed Bezout identity S(N+∆Ν)+R(D+∆D)=Ι. Therefore, the perturbed plant retains a right comprime factorisation. The nonlinear tracking control system can be implemented in the following steps:
Step 1: Design robust controllers R and S without considering the plant output tracking using robust right coprime factorisation design methods 13 .
Step 2: Design a stable tracking operator M using unimodular operator definition and reference input space condition 14 .
In practice, it is not unusual that the operator can be realized by hardware as a command trajectory unit. However, we need to check the consistency of output data of the designed unit with the desired tracking filter realised by a software as a transfer function block. Instead of using a mechanical method that uses increased number of sensors, the task of this paper is to give a robust fault detection scheme for output tracking system in the case of plant with bounded perturbations ∆D and ∆N.
The operator based framework of robust fault detection system for the tracking control system If the perturbed Bezout identity SN+R(D+∆D)=I can be satisfied, a framework of robust fault detection can be given to check the output of tracking operator M by using S and R . The diagram of the detecting system is shown in Figure 2 . That is, if S 0 =S and R 0 =R, then we have u 0 =u . In the following, we will explain the reason in detail.
Under the discussion in the previous section, the closed-loop system described in Figure 2 is also robustly stable in the presence of ∆P represented by ∆D and ∆N provided that u∈U is bounded. Suppose that the perturbed Bezout identity SN(ξ)+R(D+∆D)(ξ)=I(ξ) is satisfied and the designed tracking operator M is stable, then, output u 0 of the detecting system tracks to the output u of M provided that S 0 =S and R 0 =R. That is, the nonlinear system depicted in Figure 1 can be regarded as a system with perturbation depicted in Figure 3 .
From Figure 3 , we have u 0 (t)=ξ=Ι(u)(t)=u. Then, we have from Figure 2 that u 0 (t)=ξ provided that SN+R(D+∆D)=I , S 0 =S and R 0 =R . That is,u 0 (t)=u , where y is observable. By the same argument, if y a is observable and (4) is satisfied, then we also have u 0 (t)=u . From Figure 3, signal u(t) is not affected by the perturbed signal. That is, the perturbed signal from ∆D and ∆N cannot be transmitted back to the error signal e(t) in Figure 2 . In practice, in this sense we can avoid the undesired influence from uncertainties, output disturbances and feedback sensor error. Following the above, an example to illustrate the efficacy of the proposed fault detecting method is shown in the next section.
Simulation
Simulation study is conducted using the nonlinear unstable plant given in ref 13, 14 , where, for brevity, we omitted the plant description and the detailed design procedure.
In the case of y a being observable, we choose the perturbed Bezout identity as S(N+∆N)+R(D+∆D) =SN+RD=I, S 0 =S and R 0 =R. Figure 4 shows the tracking operator output, the output of operator is given in Figure 5 , and the output of operator is shown in Figure 6 . From Figures 5 and 6 , signal tracks the output of operator . It is worthy to mention that the tracking operator can also be designed for the plants with unknown perturbations by using some recent research 16, 17 . 
Practical experiment
For the practical application, an experimental result is summarised as follows 18 . The diagram of a process control experimental system for water level control is shown in Figure 7 . The equivalent diagram of the experimental system is shown in Figure 8 . The objective is to observe signal u 0 (t) obtained by process input and output information for checking the tracking controller output u(t) . For brevity, we show an experimental result in Figures 9, 10, 11, 12 and 13 to confirm the effectiveness. From the experimental results in Figures 9 and 10 , the observed signal u 0 (t) tracks to signal u(t).
Conclusions and future work
Using the definition of robust right coprime factorization, an operator-based fault detecting system design problem of tracking operator in perturbed nonlinear plants was considered. The effectiveness of the proposed fault detecting method was also confirmed by simulation. Further, concerning the unknown perturbed nonlinear plants, analysis based observers and estimation algorithms 1, 2, 3 will be pursued in our future research. 
